
4.6 – Dimension

Theorem4.6.2Let𝜔 be a!nite-dimensional vector space, and let {𝛚1, 𝛚2, … , 𝛚𝜀}
be any basis for 𝜔 .

1. If a set in 𝜔 has more than 𝜀 vectors, then it is linearly dependent.

2. If a set in 𝜔 has fewer than 𝜀 vectors, then it does not span 𝜔 .

Theorem 4.6.1 All bases for a !nite-dimensional vector space have the same

number of vectors.

De!nition: The dimension of a !nite-dimensional vector space 𝜔 is denoted

by dim(𝜔 ) and is de!ned to be the number of vectors in a basis for 𝜔 (in some

physical contexts, “dimension” is referred to asdegrees of freedom). In addition,

the zero vector space is de!ned to have dimension zero.

Find a basis for the solution space of each homogeneous linear system, and !nd

the dimension of that space.

#1

𝜗1 + 𝜗2 ω 𝜗3 = 0ω2𝜗1 ω 𝜗2 + 2𝜗3 = 0ω𝜗1 + 𝜗3 = 0

Theproof of this essentially involves counting
variables and equations in a linear system

recall that the basis for 0 is



#5
2𝜗1 ω 6𝜗2 + 2𝜗3 = 03𝜗1 ω 9𝜗2 + 3𝜗3 = 0

#8 In each part, !nd a basis for the given subspace of 𝜛4, and state its dimension.

a. All vectors of the form (𝜚, 𝜍 , 𝜑, 0).
b. All vectors of the form (𝜚, 𝜍 , 𝜑, 𝛻), where 𝛻 = 𝜚 + 𝜍 and 𝜑 = 𝜚 ω 𝜍 .
c. All vectors of the form (𝜚, 𝜍 , 𝜑, 𝛻), where 𝜚 = 𝜍 = 𝜑 = 𝛻.



#9 Find the dimension of each of the following vector spaces.

a. The vector space of all diagonal 𝜀 ε 𝜀matrices.

b. The vector space of all symmetric 𝜀 ε 𝜀matrices.

c. The vector space of all upper triangular 𝜀 ε 𝜀matrices.

Theorem 4.6.4 Let 𝜔 be an 𝜀-dimensional vector space, and let 𝜕 be a set in 𝜔
with exactly 𝜀 vectors. Then 𝜕 is a basis for 𝜔 if and only if 𝜕 spans 𝜔 or 𝜕 is

linearly independent.





Theorem4.6.5 Let 𝜕 be a !nite set of vectors in a !nite-dimensional vector space𝜔 .

a) If 𝜕 spans 𝜔 but is not a basis for 𝜔 , then 𝜕 can be reduced to a basis for 𝜔 by

removing appropriate vectors from 𝜕.
b) If 𝜕 is a linearly independent set that is not already a basis for 𝜔 , then 𝜕 can be
enlarged to a basis for 𝜔 by inserting appropriate vectors into 𝜕.
#13 Find standard basis vectors for 𝜛4 that can be added to the set {𝛚1, 𝛚2} to
produce a basis for 𝜛4.𝛚1 = (1, ω4, 2, ω3), 𝛚2 = (ω3, 8, ω4, 6)

#17 Find a basis for the subspace of 𝜛3 that is spanned by the vectors𝛚1 = (1, 0, 0), 𝛚2 = (1, 0, 1), 𝛚3 = (2, 0, 1), 𝛚4 = (0, 0, ω1).



#20 In each part, let ℵℶ be multiplication by ℶ and !nd the dimension of the

subspace of 𝜛4 consisting of all vectors 𝜗 for which ℵℶ (𝛆) = 𝛝.
a. ⌋ 1 0 2 ω1ω1 4 0 0 ⌈ b.

⌉{{{}
0 0 1 1ω1 1 0 01 0 0 1
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